FROBENIUS CHARACTER FORMULA AND SPIN GENERIC 
DEGREES FOR HECKE-CLIFFORD ALGEBRA 



JINKUI WAN AND WEIQIANG WANG 

Abstract. The spin analogues of several classical concepts and results for Hecke 
. algebras are established. A Frobenius type formula is obtained for irreducible char- 

acters of the Hecke-Clifford algebra. A precise characterization of the trace functions 
allows us to define the character table for the algebra. The algebra is endowed with 
a canonical symmetrizing trace form, with respect to which the spin generic degrees 
are formulated and shown to coincide with the spin fake degrees. We further provide 
a characterization of the trace functions and the symmetrizing trace form on the spin 
Hecke algebra which is Morita super-equivalent to the Hecke-Clifford algebra. 
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1. Introduction 

1.1. The Hecke algebras associated to symmetric groups or more general finite Weyl 
groups are symmetric algebras with canonical symmetrizing trace forms. The generic 
degrees defined in the framework of generic Hecke algebras have played an impor- 
tant role in finite groups of Lie type (first developed systematically by Lusztig [Lu] ; 
also cf. Geck-Pfeiffer |GP2j ). On the other hand, a Frobenius character formula for 
Hecke algebra associated to symmetric groups has been established in [Ramj (also see 
King-Wybourne [K W| ) , and the notion of character tables for Hecke algebras has been 
formulated by Geek and Pfeiffer [GPlj . 

The Hecke-Clifford algebra !K^, which is a deformation of the algebra Sj^ = C n x S n , 
admits a natural superalgebra structure, first appeared in Olshanski |01j who formu- 
lated a super queer version of the Schur-Jimbo duality. Its representation theory was 
subsequently developed by Jones-Nazarov |JNj for a generic quantum parameter v, and 
it is indeed closely related to the spin representations of the symmetric group developed 
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by Schur [Schj . In particular the irreducible characters £ A of (always understood in 
the Z2-graded sense in this paper) are parametrized by the strict partitions of n. This 
algebra "K^ is also known to be Morita super-equivalent to a spin Hecke algebra "K~ 
introduced by the second author |Wj . which is a deformation of Schur 's spin symmetric 
group algebra. 

1.2. Here is a quick summary of the main results of this paper. We first establish 
a Frobenius type formula for irreducible characters of the Hecke-Clifford algebra. We 
endow the Hecke-Clifford algebra with a canonical symmetrizing trace form 2, and then 
find an explicit shifted hook formula for the spin generic degrees for the Hecke-Clifford 
algebra by a novel and simple application of our Frobenius type character formula. The 
spin Hecke algebra is also shown to carry a natural symmetrizing trace form, which is 
compatible with 2 for Hecke-Clifford algebra via the Morita super-equivalence. 

1.3. Let us describe in some detail. Our approach to obtaining a Frobenius type char- 
acter formula for Hecke-Clifford algebra (Theorem 13. 7p takes advantage of the Sergeev- 
Olshanski duality, and it is inspired by Ram's approach who obtained a Frobenius 
character formula for the type A Hecke algebra via the Schur-Jimbo duality. The sym- 
metric functions arising in our Frobenius type formula are certain spin Hall-Littlewood 
functions introduced by the authors in [WW2 , which are one-parameter deformation 
of Schur Q-functions. This should be compared to the appearance of Hall-Littlewood 
functions in [Ram]. 

We show that every trace function on the Hecke-Clifford algebra over the ring 
A = Z[^][?;, -u _1 ] is completely determined by its values on the standard elements 
parametrized by the odd partitions of n (see Theorem 14.71 and Corollary 14. 9p . This 
leads to well-defined notions of class polynomials and character table for Hecke-Clifford 
algebra, similar to those for Hecke algebras introduced by Geck-Pfeiffer [GPlj . 

The Hecke-Clifford algebra is a symmetric superalgebra endowed with a canonical 
symmetrizing trace form 2 (the choice of 2 is not obvious as it does not restrict to the 
well-known symmetrizing trace form on its type A Hecke subalgebra), and this allows 
us to formulate the spin generic degrees D x for the irreducible characters C X °f ^n- 
Recall the authors [WWlj formulated earlier a spin coinvariant algebra for the algebra 
Sj^, and found a closed formula for the so-called spin fake degrees (this terminology 
appeared later in |WW3| ). For a symmetric algebra "K with a symmetrizing form, 
there exist elements called Schur elements (cf. |GP2} Theorem 7.2.1]) for irreducible 
characters, which can be used to determine when "K is semsimple. These elements are 
closely related to the generic degrees in the case of usual Hecke algebras (cf. |GP2} 
Section 8.1.8]). The Schur elements for Hecke-Clifford algebra are computed explicitly 
(Theorem 15. 8p . and they do not lie in A in general. The spin generic degrees for 
Hecke-Clifford algebra are shown to be polynomials in the quantum parameter v and 
they match perfectly with the spin fake degrees (Theorem I5.10p . This phenomenon is 
strikingly parallel to the classical result due to Steinberg [S] that the generic degrees 
for the type A Hecke algebras coincide with the fake degrees for symmetric groups (also 

cf. [raidp2] ). 

We also succeed (see Theorem I6.6P in describing the space of trace functions of 
the spin Hecke algebra IK~ introduced in [Wj. The canonical trace form 2~ on !K~ 



FROBENIUS CHARACTER FORMULA AND SPIN GENERIC DEGREES 



3 



corresponding to the form 1 on under the Morita super-equivalence is characterized 
in a simple way (Theorem 16. 10p . in spite of the fact that the braid relation is deformed 
for "K~ and the standard elements depend on the choices of reduced expressions of a 
given element. 

1.4. Here is the layout of the paper. In Section [21 we review the Sergeev duality and 
Olshanski duality, and set up various notations needed in the remainder of the paper. In 
Section O using the Olshanski duality we compute a Frobenius type character formula 
for IK^, whose specialization at v = 1 is equivalent to the classical character formula of 
Schur for spin symmetric groups. In Section 01 by a sequence of reductions we show that 
the trace functions are determined by their values on standard elements parametrized 
by odd partitions of n. In Section [5l the symmetrizing trace form 2 on Hecke-Clifford 
algebra is introduced, and the spin generic degrees are computed using the Frobenius 
character formula given in Section [3l Finally in Section El we describe the counterparts 
of Section H] and part of Section [5] for spin Hecke algebras. 

Acknowledgements. The first author was partially supported by NSFC-11101031, 
and she thanks Shun-Jen Cheng at Academia Sinica for support and providing an 
excellent atmosphere in the summer of 2011, where part of this paper was written. The 
second author was partially supported by NSF DMS-1101268. 

2. The Sergeev-Olshanski duality 

In this preliminary section, we shall introduce the Hecke-Clifford algebra, review the 
Sergeev-Olshanski duality, and set up notations to be used in later sections. 

2.1. Basics on superalgebras. Let F be a field, which is always assumed to be of 
characteristic not equal to 2 in this paper. By a vector superspace over F we mean a 
^-graded space V = Vg © V\. If dim Vg = r and dim Vj = m, we write dim F = r\m. 
Given a homogeneous element ^ v G V, we denote its degree by \v\ G Z2. An 
associative F-superalgebra A = Aq © A\ satisfies A% ■ Aj C Ai+j for i,j G Z 2 . By an 
ideal / and respectively a module M of a superalgebra A, we always mean that I and 
M are Z 2 -graded, i.e., / = (In Aq) © (IP[A{), M = Mg © M 1 such that AiMj C M i+j 
for i,j S Z2. The superalgebra A is called simple if it has no non-trivial ideals. 
Let V be an F-superspace with dim y = r\m, then 

M(V) := End ¥ (V) 

is a simple superalgebra. Assume now in addition r = m and an odd automorphism J 
of V of order 2 is given. The subalgebra of EndF(V r ), 

Q(V) = {x G Endp(F) I x and J super-commute}, 

is also a simple superalgebra. Observe that the resulting superalgebras Q(V) are iso- 
morphic to each other for different automorphisms J. 

An irreducible module V over an F-superalgebra .A is called split irreducible ifK^wV 
is irreducible over Kf^vA for any field extension E3F. A split irreducible yi-module V 
is of type M if End]p(V") is one-dimensional and of type Q if Endir(y) is two-dimensional. 
A superalgebra A is split semisimple if A is a direct sum of simple algebras of the form 
M(V) and Q(V) for various V. 
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Recall that given two superalgebras A and B, the tensor product A <g> H> is naturally 
a superalgebra, with multiplication defined by 

(2.1) (a®b)(a'®b') = (-l) Wa '\(aa')®(bb') (a, a' G A,b,b' G £). 

The following lemma can be found in |Jo] (where F is assumed to be an algebraically 
closed field). 

Lemma 2.1. Let V be a split irreducible A-module and W be a split irreducible 'it- 
module. 

(1) If both V and W are of type M, then V <g> W is a split irreducible A <S> "B-module 
of type M. 

(2) If one ofV or W is of type M and the other is of type Q, then V ®W is a split 
irreducible A <S> H-module of type Q. 

(3) If both V and W are of type Q, then V ®W is a sum of two isomorphic copies 
of a split irreducible module of type M, which will be denoted by 2~ 1 V ® W . 

Moreover, all split irreducible A ® H-modules arise as components ofV (8> W for some 
choice of irreducibles V, W. 

2.2. The Ser geev duality. In this subsection, we shall take IF — C. Denote by C n , 
the Clifford superalgebra generated by odd elements c\ , . . . , c n subject to the relations 

(2.2) c 2 = 1, CiCj = -CjCi, 1 < i ^ j < n. 

Denote by S)^ = Q n x S n the superalgebra generated by the even elements si, . . . , s n —i 
and the odd elements ci, . . . , c n subject to (12. 2D . the standard Coxeter relation among 
Si = (i,i + 1) for the symmetric group S n , and the additional relations: 

SiCi = Cj+iSj, s^j = CjSi, 1 < i } j < n - 1, j ^ i, i + 1. 

Denote by T n the set of all partitions of n and by CPn the set of compositions of n. 
Let SIP n (respectively, OCP n ) denote the set of strict (respectively, odd) partitions of n. 
For A G denote by £(X) the length of A and let 

\ _ / 0) if Kty 1S even, 
d{A) ~ { 1, if £(A) is odd. 

Denote by Q\ the Schur Q-functions associated to a strict partition A (cf. |MacllWW3| ). 
It is known [Jol[Se] that there exists a characteristic map (cf. [WW31 (3.12)]) relating 
the representation theory of the algebra f}^ to the theory of symmetric functions, which 
can be viewed as a analog of the Frobenius characteristic map in the representation 
theory of symmetric groups. More precisely, for each strict partition A of n, there 
exists an irreducible f)^-module which corresponds to the Schur Q-function Q\ (up 
to some 2-power) under the characteristic map, and {U^ \ A G forms a complete 

set of non-isomorphic irreducible f)^-modules. Furthermore, is of type M if 5(X) = 
and is of type Q if S(X) = 1. Denote by (± the character of for A G ST ' n . 

The queer Lie superalgebra, denoted by q(m), is the Lie superalgebra associated to 
the associative superalgebra Q(m) with respect to the super-bracket. For convenience, 
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in the case when F = C, we shall take the odd involution 
(2.3) P = ^(-l 

then Q(m) and hence q(m) will consist of 2m x 2m matrices of the form: 

<M> (I a) • 

where a and 6 are arbitrary mx m matrices over C, and the rows and columns of (|2.4p 
are labeled by the set 

I(m\m) := { — 1, . . . , — m, 1, . . . , m}. 

Let g = q(m). The even (respectively, odd) part Qq (respectively, gj) consists of 
those matrices of the form (j2.4j) with 6 = (respectively, a = 0). Denote by E« 
for i,j G 7(m|m) the standard elementary matrix with the (i, j)th entry being 1 and 
zero elsewhere. Fix the triangular decomposition g = n~ f) n + , where h, (respec- 
tively, n + , n~) is the subalgebra of g which consists of matrices of the form (\2A\i with 
a, b being arbitrary diagonal (respectively, upper triangular, lower triangular) matrices. 
Let b = f) © n + . We denote the standard basis for f)g by 

Hi = E-i-i + Ea, l<i<m. 

Every finite-dimensional g-module is isomorphic to a highest weight module Vi(A) 
generated by a vector v\ satisfying n + .v\ = and hv\ = \(h)v\ for h G f)g, for some 
A G We have a weight space decomposition Vi(A) = ©^^(A)^, where a weight 
\x can be identified with an m-tuple (fi±, . . . ,/i m ). Let x±, . . . ,x m be m independent 
variables. A character of a q(m)-module with weight space decomposition M = 
is defined to be 

chM = ^2 dim M m x i 1 " " " x m m • 

C=(|ll,->/lm) 

We have a representation (cj n , (C m l m )® n ) of g[(m|m), hence of its subalgebra q(m), 
and we also have a representation (ip n , (C m l m )® n ) Q f the algebra 5}^ defined by 

^n(si)-(vi ®...®Vi® v i+ i ®...®v n ) = (-l)N>*+il Wl (g) . . . ® Vi ® ...®v n , 

1pn{Ci).(.Vl ®...®V n ) = (-l)(\ v l\+"+\ v i-l\) Vl ®...® Vi-l ®PVi®...®V n , 

where Vi,Vi+i G C m ' m are ^-homogeneous. We recall a classical result of Sergeev. 

Proposition 2.2. \Se\ Theorem 3] The algebras ui n (U (q(m))) and ip n (S)'f l ) form mutual 
centralizers in End<c((C m ' m )® n ). As an U(q(m)) ® 9f n -module, we have 

y®n^ 2-^ A Vl(A) ® Ut 

Moreover, the character ofV\{\) is given by 

(2.5) chVi(A) = 2~ l - i ^ m Q x (x 1 ,...,x rn ). 
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Associated to the formal variables x±,..., x m , let D be the operator defined by 
(2.6) D = x? 1 ■■■x% m . 

The operator D commutes with the action of i}£ on ^ m l m )®« ) since the action of Sj^ 
preserves the weight space decomposition. Proposition 12.21 has the following corollary. 

Corollary 2.3. For h G $rf n , the trace of the linear operator Dh on (C m l m )®' 1 is 

■r—^ f(A)+5(A) , 

tr{Dh) = > 2 —Qx( )Ci»- 

2.3. The Hecke- Clifford algebra Vi c n . Let v be an indeterminate. The Hecke- 
Clifford algebra Jt£ is the associative superalgebra over the field C(y 2) with the even 
generators T\, . . . , T n _i and the odd generators c±, . . . , c n subject to the following rela- 
tions: 

(r i -«)(r i + i) = o, i<*<n-i, 

TiTj = TjTi, 1 < i,j < n - 1, \i - j\ > 1, 
TiT i+1 Ti = T i+ iTiT i+ i, 1 < i < n - 2, 
cf = 1, CiCj = -CjCf, 1 < i / j < n, 

TiCj = CjTi, j 7^ i,i + 1, 1 < i < n — 1, 1 < j < n, 
Tid = (H+iTi, 1 < % < n - 1. 
Note that the specialization of "K^ at v = 1 recovers fj^j. Denote 

[n] := {l,...,n}. 

For an (ordered) subset I = {£1, Z2, • • • , ik} ^ [n], we denote C/ = q 1 Cj 2 . . . Cj fe . By 
convention, Cg = 1. Then {C/| / C [n]} is a basis for the Clifford algebra C n . According 
to |JN|, Proposition 2.1], the set {T a Cj \ a G S n ,I C [n]} forms a linear basis of the 
algebra l Ji c n . 

Remark 2.4. Our definition of the Hecke-Clifford algebra "K^ is slightly different from 
the algebra introduced in jOlj . where the quantum parameter q is used. The even 

generators t±, . . . , i n _i in [01] are related to T 1; . . . , T n _\ via v = q 2 and ij = v~zTi, 
for 1 < z < n — 1. 

yk _ y -k 

Write [k] v = r for € Z+. Let 

u — 

K:=C(t;^)(v / [lkT,...,\/R^) 
be the field extension of C(v 2 ), and denote nr := K ® 1 

Proposition 2.5. |JN] Corollary 6.8] The K- superalgebra 5Cfi K is spZzi semisiraple. 
For each A G S^Pn, i/iene exists an irreducible representation U x ofK^K w ^ character 
( x such that {U x | A G SCPn} forms a complete set of nonisomorphic irreducible ^^K' 
modules. Moreover, the specialization at v = 1 of Q x gives for A G SCP n . 
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Remark 2.6. The precise form of the field EC is not relevant in this paper and we 
could simply take K to be the algebraic closure of C(yz) as well. The construction 
of the irreducible "K^ K -modules U x in |JN] can be streamlined by a straightforward 
^-analogue of the semiformal form construction of the irreducible f}^-modules given in 
[HKS] and independently in [Wan] (cf. |WW31 Section 7]). One advantage of the latter 
approach is that it works equally well for the affine Hecke-Clifford algebra. 

2.4. The action of !H£ on V® n . Let V = K m \ m be the vector K-superspace with 
dim E F = m\m. The standard basis e_ m , . . . , e_i, e±, . . . , e m of C m ' m can be naturally 
regarded as a K-basis of V and the operator D is defined on V® n . Meanwhile {Eij \ 
i,j G I(m\m)} can be regarded as the standard basis of EndR(^) with respect to the 
basis {e_ m , . . . , e_i, e±,..., e m } of V, i.e., Eij(ef~) = Sjh^i for k G I{m\m). Following 
[01] . we set 

@ = ^T Yl (E-a,a-E a - a ), 
Ka<m 



i,j£l(m\m) 



(2.7) 




S 


= « 3 Yl Si >® Ei i G EndK ( V ® 2 ) ' 

i<.j(zl(m\m) 


where Sij 


are defined 


as 


follows: 


(2.8) 






1 + («5 - \)(E aa + E_ a ^ a ), 1 < a < m, 


(2.9) 


S—a,—a 




1 + (t;"3 - l)(£ oa + £?_ ,_o), 1 < a < m, 


(2.10) 


Sab 




(ul -trl)(.E 6a + E_ b _ a ), l<a<b<m, 


(2.11) 


S-b,-a 




-(yh -«-5)(£J a6 + E_ a _ 6 ), l<a<6<m 


(2.12) 


S-b,a 




-(«2 -u~2)(S_ a)6 + ^ a _ 6 ), l<a,6<m. 



We remark that our definition of the operator S is a w 3 multiple of the original operator 
defined in |01j (see Remark 12.41 (|2.13p and Proposition 12.71 below) . 

To endomorphisms A G EndK(V) and C = J2 a ^-a ® B a G EndK(V® ), we associate 
the following elements in Endic(^® n ): 

&> k = Y,KBt l<3^k<n. 

a 

Olshanski |01j introduced the quantum deformation U v (q(m)) of the universal en- 
veloping algebra of q(m), which is a K-algebra with generators Lij for i,j G I(m\m) 
with i < j subject to certain explicit relations (which we do not need here). Define 
Q n : U v (q(m)) -> End K (V® n ) by letting 

(2.13) Q, n (Lij) = Sij, for i < j G I{m\m). 
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Then it is known |Q1| that O n is an algebra homomorphism and hence defines a 
representation (Q n ,y® n ) of U v (c\(m)), which is a deformation of the representation 

(w n ,(C m l m ) 0n ). 

Proposition 2.7. (OH Theorems 5.2, 5.3] Let S = QS G End K (V® 2 ). Then there 
exists a representation ( i f? n ,V® n ) of the Hecke- Clifford algebra defined by 

v n &) = s^+\ * n ( Cjfc ) = e fc , 

where 1 < j < n — 1 and 1 < k < n. The algebras $l n (U v (c\(m))) and ^ n (J{^ IK ) form 
mutual centralizers in EndK(F® n ). Moreover, as a U v (q(m)) ® Ji^^-module, we have 
a multiplicity-free decomposition 

v ®ng, 2~ S ^V(X)®U X , 

XeS9 n ,e(\)<rn 

where V(A) 's are pairwise non-isomorphic irreducible U v (c\(m)) -modules. 

The operator Z) in (|2.6|) commutes with the action of K on y® n , since the action 
of "K^ K preserves the weight space decomposition. We have the following generalization 
of Corollary E31 

Proposition 2.8. For h G IK^ K , we have 

tr(D/»)= £ 2 ^Q A (xi,...,x m )C A (/i). 

AGS0 5 , l ,£(A)<m 

Proo/. Fix /i = (/xi,..., /i m ) G 60V Then the weight subspace (V ™)^ of F® n has 
a basis given by ® • • • ® ej n with ii,. . . ,i n G I(m|m) and Hi II*?' I = ^} = Wfc f° r 
1 < < m. The operator D acts on V^f n as (x^ 1 ■ ■ -x^T) • I. On the other hand, 
(y® n )fj, is stable under the action of "K^ K and hence it can be decomposed as the 
direct sum of the irreducible module U x . This implies that the trace of Dh on iV® 11 )^ 
can be written as 

txDh\ {v ® n)ti = sf • • • Yl M\h) 

AeS3>„ 

for some f\^ G Z+. This holds for all (J, = (/ii, . . . , /i m ) G Cy n and hence 

tr(Dh) = ^ f x ( Xl ,...,x m )C X (h), 

Aesy„ 

where f\{x ± , x m ) = E At =( M1 ,..., Mro )eea > r , ./V^i 1 • • • ^m" 1 - Specializing « = 1 and using 
Proposition 12.51 we obtain that, for h G 

tx(Dh) = fx(x 1 ,...,x m )CHh)- 

Aesy n 

Comparing with Corollary 12.31 and noting the linear independence of irreducible charac- 
ters (i for A G STn, one can deduce that f\(xi, . . . , x m ) = Q\(x\, . . . , x m ) if £(X) < m 
and f\(x±, . . . , x m ) = otherwise. □ 
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3. A FROBENIUS type CHARACTER formula 

In this section, we shall formulate and establish a Frobenius type formula for the 
irreducible characters of the Hecke- Clifford algebra. 

3.1. A formula for tr(DT W(n) ). Recall that S = QS G End(V® 2 ). 

Lemma 3.1. The following formula holds for k,£ G I(m\m): 

S(e k <8> et) = 

vet <g> e k + (v - l)e_fc ® e_<? , ifk = £>l, 

—e£(g>ek, if k = £ < — 1, 

<g) efc, if k = —£ > 1, 

vet ®e k + (v- l)e& (g) e^, if k = —£ < -1, 

!)2e< ® efc + (u — l)e_fc <g> + (t> — l)efc <8> e^, «/ |fc| < |^| and £ > 1, 

f 2sgn(/c)e£ e^, i/ |/e| < |^| and £ < —1, 

v^ei <8> e k + sgn(£)(u — l)e_& ® e_^, i/ |^| < and k > 1, 

sgn(£)e£ (8> efc + (u — l)e^ <g> e^, i/ |£| < \k\ and k < —1. 

Proof. By (|2.7|) . we compute that 
(3.1) 

= X] (Sij ® Eij)(e k ® ei) 

i<j&I(m\m) 

= Yl c-i) |Byl ' N ^-( e *)®^(^) 

«<jg/(m|m) 

= J] (_i)l^«l-k*l^( efc ) ® e* 

t=— m 

(-l)l e ^5 rf (efc)®e 4 , if ^ > 1, 
%(efe) <8 + E_ m <i<£ 5«(e fc ) (g) e i5 if £ < -1. 

Then the lemma is proved case- by-case using the definition of Sij given in (|2.8|) - (|2.12|) , 
Let us illustrate by checking in detail the case when \k\ < \£\,£ > 1. In this case, we 
have either l<k<£<mor-£<k< -1. If 1 < k < £ < m, then it follows by (|2.10p 
and (I2TT21) that 

^ S«(efc) (8 ej = (v - l)e^ <8> e*,, 

l<i<« 

u5 ^ (-l) |efc| S^(e fc ) (g> ej = -(« - l)e_£ ig> e_ fc , 

— m<i<— 1 

and hence by (|3.ip we obtain that 

S(e k <g> e^) =v^e k ®e £ + (v- l)e t ® e k - (v - l)e_^ <g> e_ fc . 
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Therefore, 

S(e k e e ) =Q(y^e k e£ + (v - l)ee e k — (v — l)e-e e- k ) 
=vzee efe + (v — l)e k &i + (v - l)e_ fc e_^. 
If -I < k < -1, then by (fZTUD and (127T21) we have 

1/2 ^ SW(e fc ) e, = (« - l)e-t e_ fc , 

l<i<£ 

u5 ^ (-l)l efc l5^(e fe )0e i = (u-l)e £ 0e i; , 

— m<i< — 1 

and hence by (|3.ip we have 

S(e k e^) = v?e k 0e f + (» - l)e_^ e„ fc + (v - l)e^ e k . 

Therefore, 

S(e fc eg) = v^et®e k + {v- l)e_ fc e_ £ + (v - l)e fe e£. 
The remaining cases can be verified similarly, and we skip the detail. □ 
For a composition 7 = (71, . . . , je) of n, let 

^7»J = ^7i+.»+7j-i+1^71+-+7i-i+2 ' ' ' ^7i+-+7j-1j 1 < i < ^, 

(3.2) T^ 7 = T 7i iT 7> 2 • • • T 7i £. 

Equivalently, IL is the Hecke algebra element corresponding to the permutation 

(3.3) w y = (!,.. • ,7i)(7i + !>••• ,7l + 72) ••• (7iH ^7£-i + h ■■■ ,7H l"7*)- 

For i = (ii, Z2, . . . , i n ) £ I(m|m) n satisfying < ^2 < • • • < %, denote 

/(£) = t){! < < ™Kfc = 4+1 > 1}, 

= t){! < < n\i k = i k+ i < -1}, 
Hi) = t){l < & < "Kfe < 

We denote by T(u)| u the coefficient of u in the linear expansion of T(u) in terms of the 
basis {ejj 0- • -0ej n | ii, . . . ,i n G 7(m|m)} of y 8 " 1 , for a linear operator T S Endic(V^® n ) 
and a basis element u. 

Lemma 3.2. The trace of the operator DT W( ^ n) on V® n is given by 



tv{DT W{n) )= £ 1 /©(-i)»(D( t ,-i)A0 



^) 1 . ... 1 . 



where the summation is over the n-tuples i = (ii, 12, ■ ■ ■ , i n ) G I(m|m) n which satisfy 
h < ii < < in- 
Proof. It suffices to show that, for 

rnr ,AI / « /a) (-l) 9(i) ^®^|n| • • if »*i < **2 < ••• < *«, 

[Ui W{n) u)\ u - < Q) otherwise. 
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By definition, we have T W( ^ = T W(n _ 1) T n _i. It follows by Proposition l2.7l and Lemma I3TT1 
that 

(DT W(n) u)\ u 

=x \ii\ ' ' ' X \i n \ ' (T w ^u)\ u 

= X \il\ ■ ■ ■ X \ln\ ■ T ™(„-1) ( e n ® • • • ® On-2 ® ^( e »n-l ® O) U 

ra |n| ••■ a; |i„| r «'(„-i)( e ii ® •'• ® e^-Jkj®-®^!, if in-i = in > 1, 

— x |ii • ' ' x |j„|^w>(„-i) ( e U ® ' ' • ® e in-i)le il (8)---(g)e ln _ 1 j if *n-l = < ~ 1, 

(v- l)x| ix | ■■■a?|i n |T t0(n _ 1) (e il ® ■ ■ ■ ® e^)^®...^^ , if *n-l < »tu 
, 0, otherwise. 
Now the lemma follows by induction on n. □ 

For s > 1 and a composition a = (ai, «2, • • • , &e), set 
A = l, 

a s = v-i + (-i)-i + (t, - 1) ly-H-ir*- 1 = 2( ^~ ( ; ir) , 

Let m„ denote the monomial symmetric function associated to a partition \i. 
Proposition 3.3. The trace of the operator DT W ,. on V® n is given by 

tv(DT W(n) )= A l ,(v-l)^- l m ti (x 1 ,...,x m ). 

Proof. Given a = (a±, . . . ,a m ) £ CT n , denote by T(a) the set consisting of i = 
(ii, ... ,i n ) £ I(m\m) n satisfying i\ < ■ ■ ■ < i n and \ij\ = k] = for 1 < k < m. 
By Lemma f3.21 the coefficient of the monomial x a := x" 1 ■ ■ ■ in tr(DT W(n) ), denoted 
by tv(DT W(n) )\ x c : is given by 

tv(DT W(n) )\ xa = vf®(-iy®( v -i)Hi). 
ier(a) 

Now for i = . . . , i n ), we let 

# = = £fc = = 1 < < m. 

Then each i in r(a) is uniquely determined by the pair (/3 + ,/3~) € Z™ x Z+, where 
/3 ± = (/^ , . . . , /3^j) satisfies ^ + f3j~ = for 1 < k < m. In terms of these notations, 
we rewrite 

v m = ii v rt~\ 

l<k<m,(3+>l 

(-i) s(i) = n c- 1 )^"" 1 . 

I<k<m,p->1 

(„_l)Mi) =(w _i)^(/3 ± M ) 
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where we have denoted 

Ntf*) = (t{l < k < m | /3+ > 0} + (t{l < k < m \ 0~ > 0}. 

Let 0(a) denote the set which consists of all the pairs (/3 + , /3~) satisfying Pt+K = a/t, 
for 1 < k < m, and let 1(a) denote the number of nonzero parts in a. Then 

tr(DT W(n) )\ xa 

= Yl v f ®{-l) 9 ®{v-l) h ® 
ier(a) 

= e n vf3t ~ x - n (-i)^- 1 -^-!)^- 1 

(/3 + ./3")G£2(a) l<fc<m,/3+>l l<k<m,K>l 



=(« - 1)- 1 £ n ^ ^ + ° • (-d*- 1+ v° • (« - d 2 a- o-v 

(/8+,/8-)en(a) fe=i 

CKfc — 1 

=(u - l)^)- 1 (V^ 1 + (-l)"^ 1 + ^ v J '- 1 (-l) a *--»'- 1 (u - 1) 

l<fc<m,o fe >0 j=l 

=( u -l)A«)-iA a . 
Therefore, 

trCUT^ ) = £ (t; - l)^)- 1 Aax? 1 • • • <T 

= Y,(v-lY M ~ 1 ^m^x 1 ,...,x m ). 

The proposition is proved. □ 

For n > and x = (xi,...,x m ), we define g n (x;v) by the following generating 
function in a variable t: 

0.4) E^^ n =ni" tel 



_ + tXi 1 — VtXi 
n>0 i 1 1 



and then set 



(3.5) 9n(x;v) = — !— -g n (x;v). 

v — 1 

Proposition 13.31 can be reformulated as follows. 
Proposition 3.4. For n > 1, we Ziaue tr(DT w ,,) = g n (x;v). 
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Proof. By Proposition 13. 3( we have 

( V -l)- 1 + ^tr( J DT W(n) )r 
n>l 

= E tn E ( v - l)'^" 1 A At m M (x l5 . . . , x m ) 



3T n i 1 + E(^ - !) a ^ 

t S>1 



2^xft s - 2(-l) s x|t s 



v + 1 

S>1 



1 TT A 2(V - 1) / TOjt _ -Zjf \\ 

— 1 J-.J- V u + 1 Vl-rajt 1 + Xit)j 



1 tt 1 - 1 + vxit 



U — 1 - l - L 1 + Xji 1 — VXit 
i 

This implies (and is indeed equivalent to) the proposition by using fj3.4f) and (|3,5p . □ 

Remark 3.5. The symmetric function g n (x;v) also appears as a special case of the 
spin Hall-Littlewood functions (i.e., the one associated to the one-row partition (n)) 
introduced in |WW2j . 

3.2. A Probenius formula for characters of 5f£. 

Lemma 3.6. Assume that 7 = (71,72, • • • ,7^) is a composition of n. Then 

tr{DT Wi )= J] tr(DT 7J ). 

Proof. Observe that 

= JJ T 7J ', 

and T 7 j's commute with each other. By Proposition [221 we note that T 7i i acts only on 
the first 71 factors, T 7i 2 acts only on the subsequent 72 factors and so on. The lemma 
follows. □ 

For a partition fj, = (/ii, . . . , fa), we define 

9/i {x; v) = (x; v)g^ 2 (x; v) ■ ■ ■ g^ (x; v) . 

We are ready to establish a Frobenius type formula for the characters £ A of the Hecke- 
Clifford algebra "K^ K . 

Theorem 3.7. The following holds for each partition fj, of n: 
(3.6) MW)= E 2 —Qx(x)C\T w J. 
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Proof. By Lemma I3T61 and Proposition 13.44 one deduces that 

ti(DT Wfi ) =tr(DT ft i) • • • tr(DT^) 

=9fn(x;v) ■ ■■g /le (x;v) = g^(x;v). 

This together with Proposition 12.81 implies the theorem. □ 

Remark 3.8. Recall the specialization at q = 1 of the Frobenius character formula for 
type A Hecke algebra established in jRam] recovers the original formula of Frobenius 
[Fr] for the irreducible characters of symmetric groups. For r > 1, we have 



g r (x;v)\ v= i 



2p r (x), for r odd 
0, for r even, 



where p r denotes the rth power sum symmetric function. Hence, the Frobenius formula 
in Theorem [3T7] specializes when v = 1 to a character formula for fj^, which is essentially 
equivalent to Schur's original character formula for the spin symmetric groups |Schj 
(cf. [Jo] and |WW3Q . 



4. Trace functions on Hecke-Clifford algebra 

In this section, we will exhibit an explicit basis for the space of trace functions on 
the Hecke-Clifford algebra. 

4.1. The trace functions. Let R be a commutative ring in which 2 is invertible. For 
an i?-superalgebra K which is a free -R-module, a trace function on "K is an i?-linear 
map (/> : K — > i? satisfying 

(f)(hti) = <t>(h'h) for h, ti G Oi, <j){h) = for h E JCj. 

For h, h' G K, define their commutator by [h, h'] = hh' — h'h, and let [K, K] be the R- 
submodule of K spanned by all commutators (not super-commutators!). Observe that a 
linear map (j) : IK — >■ R with <^>(Kj) = is a trace function if and only if [K, IK]g C Ker0. 
Thus, the space of trace functions on K is canonically isomorphic to the dual space 
Homfl((K/[K, K])q, R) of (K/[K,K]) = K /[K,K] . 

Let A := Z[|] [u, w ~ 1 ] C C(v), and denote by K^ A the A-subalgebra of K£ generated 

by Tx, . . . , T n _i and ci, . . . c n . Note that K^ A is A-free and "K c n = C(v^) ®a K^ a . 

The main result of this subsection is Theorem 14.71 the proof of which requires a 
sequence of lemmas. Recall T Wl from (|3.2p . 

Lemma 4.1. For eoc/i / C [n] and a G S n , there exists an A-linear combination of the 
form 

= ^2 a (I,a),(J,j) T w 7 Cj, 

jc[n], 7 gey„ 

where £(w 7 ) < 1(a) and a(i»,(j,7) G A, such that 

T CT C 7 = r v mod [K^ A ,K^ A ]. 
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Proof. Let % be the smallest integer such that 0(1) > i + 1. We shall use a double 
induction involving an induction on a(i) and a reverse induction on i. Observe that if 
there does not exist such i, this can be regarded as the case i = n and a must be equal 
to w 7 defined in f)3.3f) for some composition 7 = (71, 72, • • • , Ji)- 

Let j = a(i) — 1. Since a(a~ 1 (j)) = j = a{i) — 1 > i, the choice of i implies that 
0" -1 (j) > i. This together with + 1) = i implies that a^ 1 ^) > o-~ l (j + 1) and 

hence £(a~ 1 Sj) < £(a~ 1 ), or equivalently, £(sja) < £(a). Then 

The following holds by the defining relation of c K c ll : 
(4.1) CT. T s Cr ■ " i C -i 

JC[n] 

with aj £ A and /' C [n]. We now consider two cases separately. 

(i) First assume that £(sjasj) > £(sja). Then T Sj(TSj = T SjC7 T Sj , and hence 

T a Ci = T Sj T SjCr Ci 

= T Sja dT Sj mod[^ iA) JC; A ] 

= T Sja T Sj C P + Y ajT Sja Cj by @U 
J 

= T SjaSj Cp + ^ ajT Sj(J Cj. 
J 

(ii) Assume that £{sjOSj) < £(sja). In this case, we have T S . CT = T Sj(7Sj T Sv and thus 
— T s .T s . a — T S jT S j& s .T S j. Hence, 

= '/• /V/;. mod [^, a ,K,a]- 

Again by (14.11) we compute that 

J 

= T a . ffa .Tf.Cp + Y ajT S](TS] T Sj Cj 
J 

= {v - l)T S]aS] T Sj Cp + vTg.ag.Cp + ^ ajT S]aSj T S] Cj 

jc[n] 

= (v - l)T Sj(T Cp +vT Sj(TSj Cp + ^ a,jT Sj(T Cj. 

JC[n] 

Thus, if £(sjasj) < £(sja), we have 

T a d = (v - l)T Sja C P + vT Sj(7Sj Cp + ajT Sja Cj mod pK£ )A , ft£ )A ]. 

JC[n] 

Observe that in each case, the resulted permutations cj' := s^cx and a" := Sjasj 
satisfy o-'(k) = a(k) = cr"(k) for 1 < k < i — 1 < j — 1, since <r(A;) < A; + 1 < j due to 
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the choice of i. In addition, 

a'(i) = Sj(a(i)) = sj(j + 1) = j = a(i) - 1, 

a"(i) = Sj (asj(i)) = Sj(a(i)) = Sj(j + 1) = j = a(i) - 1. 

Note that £(a') = 1(a) - 1 in both cases. Moreover, £(a") = £(a') + 1 = 1(a) in case (i), 
while £(a") < £(a') < 1(a) in case (ii). This completes the induction step, and hence 
the lemma is proved. □ 

Recall T Wf . = T\T 2 ■ ■ ■ T n -\. Denote by 

T' i :=T i -v + l=vTr 1 . 

Lemma 4.2. The following identities hold in A : 

T W{n) Ci = c i+1 T W{n) forl<i<n-l. 

w (n) c n = c\T x T 2 . . . T n _! + (u - 1) \c 2 T W(1) T 2 . . . T n _! + c 3 T W(2) T 3 . . . T n _ x 

+ • • • + c n-l^U)(„_ 2 )^n-l + c nT« )(n „ 1) 

Proof. The first identity follows directly from the defining relations in JCf; ». Since 
T n _ic n = c n _iT„_i - (u - l)(c n _i - c n ), we obtain that 

T W ( n jC n = r u ,^ n _ 1 jC n _ iT n _i + (v — l)c n T u ,^ n _ 1 j . 
Now the second identity follows from this identity by induction on n. □ 
Lemma 4.3. For I C [n] wif/i |I| even, the following holds: 

T w (n) Ci = ±T W(n) mod ptnA'^n^o' 
(The precise signs here and in the subsequent similar expressions shall not be needed.) 

Proof. Set I = {ii, . . . Since k = \I\ is even, we have i\ < n — 1 and hence by 

Lemma 14.21 

Tw^Ci = T^^Cjj ■ ■ ■ Ci k = Cjj-j-iTro^Cij Cj fe . 

Therefore, 

T W(n) Ci = T W(n) Ci 2 • • • Cj fc Ci 1+ i mod [!K^ )A , J^aIq 

^-l) fe_1 r u , (n) c il+ iCi a • • • Q fe , if ii + 1 < i 2 , 
(-l) fc - 2 T W(n) c i3 ■■■c ik , if ii + 1 = i 2 . 

In this way, we reduce T w ,.Ci to a similar expression with smaller |7| or with an 
increased i\. By repeating the above procedure, the lemma is proved. □ 

Lemma 4.4. Let 7 = (71,72) be a composition of n with 71,72 > 0. Suppose I\ = 
{k, ■ ■ ■ ,i a } Q {1, • • • ,li},h = {ji, ■ ■ ■ ,3b} ^ {7i + !,-•• ,7i + 72} such that a + b is 
even. Then 



T w Ci x Cj 2 



mod [M[j Al Jt[j A ]-, if a and b are odd, 

±T^ 7 mod A ,IK^ A jj, if a and b are even. 
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Proof. Since a + b is even, a and b have the same parity. Note that 

Wj — -t7,l i 7,2 — ^7,2^7,1, 

T lt iCj 2 = Cj 2 T Jt i, Tj^Cij = CijT-f^- 

If both a and b are odd, then Ci x Ci 2 = —Ci 2 Ci 1 . It follows from these identities 
above that 



T Wl Ci 1 Ci 2 — T 7 t \G '^T-y 2 C j 2 



~T W Ci 1 Ci 2 , 



where the notation = here and in similar expressions below is always understood mod 
P^A^aIb- Therefore , T Wi C h C l2 = mod [^ jA ,^ )A ] g . 

If both a and b are even, then 1 < i\ < 71 — 1 and 71 + 1 < j\ < 71 +72 — 1 = n — 1. 
By a similar analysis as in Lemma 14.31 one can obtain that 



T w Ci x Ci 2 

— ^7,1^7,2Cii C 



'2 



C «a C Jl C J2 



1 .lb 



"^7, 1^*1-^7, 2Cjx Cj 2 
"Qi+lCji+l?7 i iT!y ) 2Ci2 



Hence, 
T w ^ Cj l Cj 2 



Ql+lCj'i+l-^7,l-^7,2Ci2 ' ' ' ^ia^jl 
"^7,1^7,2Ci; 



C ia C 32 



' C j6 C H+l C il+l 
^7,1^7,2 c ii+lCj2 ' ' ' c «a C jl+l c j2 ' ' ' c Jt) 



"^7,1^7,2 c ii+lCi2 " " ' c i a c J3 



^3bi 



"-^7,1-^7,2^13 ' ' ' Cj Q ^J1+1^J2 ' * ' C 



.lb ■ 



la ^33 



if h + 1 < i 2 , ji + 1 < J2, 
if h + 1 < i 2 , ji + 1 = J 2 , 
if n + 1 = i 2 , ji + 1 < i 2 , 
if z'l + 1 = i 2 , ji + 1 = j 2 - 



In this way, we reduce T w ^ Ci l C\ 2 to a similar expression with smaller |7i | + 17 2 1 or with 
increased i\ and j\. Repeating the procedure, the proposition is proved. □ 

Given integers a < b, we shall denote by [a..b] the set of integers k such that a < k < b. 
The following is a generalization of Lemmas 14.31 and 14.41 

Lemma 4.5. Let 7 = (71, 72, • • • ,7^) be a composition of n, and let I C [n] with \I\ 
even. Let I k = I n [(71 + . . . + 7 fc _i + l)-(7i + - - - + 7fe)] for 1 < k < £. Then 



( ±T Wl mod PH£ iA ,WE,a] 5 > if every \I k \ 
iw^l — I mod [5£^ A ,5^ A ] , otherwise. 



is even for 1 < k < £, 



Proof. The lemma for £ = 1 reduces to Lemma 14.31 So assume £ > 2. If every is 
even for 1 < & < ^, then the lemma follows by a similar proof as in Lemma 14.41 (which 
is the special case when £ = 2). Otherwise, suppose there exists 1 < a < £ such that 
\I a \ is odd. Without loss of generality and for the sake of simplifying notations, we 
assume a = 1. Let b > 1 be the smallest integer such that is odd (such b exists since 
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|7| = k is even). Therefore, 

T Wl Ci = (T^^Ci-iT^pPiz ■ ■ ■ T~ fj b_iCi b _ 1 )(Ty t bCi b )(T~ f: b+iCi b+1 • • • 2^C/J 
= (T^iCiJfTyfiCi^Ty^Ciz ■ ■ ■ T % b-iCi b _ 1 )(T^j,+iCi b+1 • • • T^C^) 

= — (^7,feC'/J(^7,i^i)(^7,2C'/ 2 • • • r 7) 5_iCr 6 _ 1 )(r 7) 6 + iCjj 1+1 • • • r 7) ^Cj £ ) 

= -(^l^/JC^aCja " " " T i,()-iC4-i)( r 7,HiC;(, +1 • • • T^ t £Ci e )(Ty >b Ci b ) 
= —T Wl Ci. 

Hence, T w Ci = mod P^j A' ^-n a!- This completes the proof of the lemma. □ 

Denote by "K n ,A the subalgebra of Jt nA generated by Xi, . . . , T n _i, which is the 
Hecke algebra over A associated to the symmetric group S n . 

Lemma 4.6. Suppose 7 = (71, . . . , ji) is a composition of n and let \x = (/ii, . . . , fj,£) 
be the partition obtained by a rearrangement of the parts 0/7. Then 

T Wj = T W/i mod pin,Ai^n,A\o- 
Proof. It is known (see [Rami Theorem 5.1] or |GP2l Section 8.2]) that T w = T w 
mod pi n ,A,^n,A]- The lemma now follows since [3i n> A, ^n,A\ Q [-^ n A' aIq - 

Recall that 0T„, denotes the set of odd partitions of n. 
Theorem 4.7. For each a 6 S n and I C [n] tuif/i |/| even, there exist f a j ]V G A suc/i 

(4-2) T a Cj^ Yl f<r,i;"Tui v mod [^ )A ,^ )A ]g. 

Proof By Lemma 14.11 Lemma 14.51 and Lemma 14.61 it suffices to show that, for each 
partition \x of n, there exists / w „ £ A such that 

(4-3) T^= U;- T ^ mod[K,A,^n,A]o- 

Let us assume for a moment that n is even. Set y n := C1C2 . . . c n . By Lemma 14.21 we 
calculate that 

Vn T w ^y n — (c\C2 ■ ■ ■ Cfi) (C2C3 . . . Cn)T w ^C n — C\T W , jjjCji- 

By the second identity in Lemma 14.21 (and expanding the T[ therein as a sum of mono- 
mials), — c\T w , .Cp, can be written as — T w ,.+ a linear combination of elements of the 
form c k c m T a with 1(a) <n-2 = £(w(^) - 1. Equivalently, y~ x T W{n) y n = -c\T W{n) c n 
can be written as — T W(n) + a linear combination of elements of the form T a C{Cj with 
£(<t) < £(w (n) ). 

Now we come to the proof of (|4.3p . Let us assume that fj, is a partition of n with an 
even part fi a for some a £ {1, ... , £(/J,)}. Set 

2/ := C (Ml+...+Ma-l+l) C (Ail + ... + Ma-l+2) • • • C Ol+...+Aia-l+Ma)' 

Then, the computation in the previous paragraph is applicable to y ~ T„ a y, which in 
turn implies that 

(4.4) y~ l T Wli y = -T Wfl + Z, 
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where Z is a linear combination of elements of the form T a C{Cj where l(o~) < i(w^). By 
Lemma 14.11 T a acj is a linear combination of T Wx Cj with i(w\) < £(cr). Hence, Z is a 
linear combination of elements of the form T Wx Ci with £(w\) < (.(w^). By Lemma 14.51 

-Z = a linear combination of T Wx with ^(u>a) < ^(Wfi), mod [^n,A> ^C,A]g- 

On the other hand, we have T W)1 = (T^y)?/" 1 = y~ l T w ^y mod pH£ )A > ^A^- Tllis 
together with (14. 4h implies that 

r«, M = i^ mod[^ )A ,5^ >A ] B . 

Now the proof is completed by induction on the length i(w^). □ 

4.2. The space of trace functions and character table of IKJj A . Theorem 14.71 
has the following implication. 

Theorem 4.8. (U££j a/[^j! A' "^n aDq ^ s a f ree A-module, with a basis consisting of 
the images of T Wv for v G OCP n under the -projection !K£ A — > A /[^H^ A , A ] ■ 

Proof. By Theorem l4,7l (?{^ a/P^ti A' ^-n a])q * s spanned by the images of the elements 
T Wv with v G 07 n under the projection 31 ^ A ~~ ^ &IP^n A> a]- Passing to the 
splitting field K for Hecke-Clifford algebra, the images of the elements T Wi/ with v G 01P n 
remain to be a spanning set for k/[^ k, ^ k])q - ^ Proposition 12.51 5t£ K is 
semisimple and its non- isomorphic irreducible characters are parametrized by SlP n . It 
follows that the dimension of the space of trace functions on "K^ K is 

dim K {^n,K/i !K n,K^n,K])o = \^n\ = \0T n \. 

Hence the images of T Wv with v G OIP n are linearly independent in {3i c n K /[!H£ K , "K^ K ])- 
as well as in (!K^ A /P^n A' -^-n a\)q- This proves the theorem. □ 

Corollary 4.9. Every trace function (ft : "K^ A — > A is uniquely determined by its 
values on the elements T Wv for v G 0!P n ,. Moreover, the polynomials f a ,I;v in (|4.2p are 
uniquely determined by a, I and v. 

For a G S n and / C [n] with \I\ even and v G 01P n , /o-,/;;/ are called class polynomials, 
and they are spin analogues of the class polynomials introduced by Geck-Pfeiffer [GPlj. 
Definition 1.2(2)] (cf. [GP21 Section 8.2]) for Hecke algebras associated to finite Weyl 
groups. The square matrix 

AeS3>„,i/e03>„ 

is called the character table of the Hecke-Clifford algebra K . By Corollary 14.91 and 
the linear independence of irreducible characters C A f° r A G SJ^, the square matrix 
[C x (T Wu )]\^ is invertible in K. 

Remark 4.10. Note that wv is a minimal length representative in the conjugacy class 
C in S n of cycle type v G OCP n . Let % be another minimal length representative 
in the same conjugacy class. It is known from |GP1} Theorem 1.1] that T Wv = T Wc 
mod pi n ,A^n,A\ and hence T Wv = T Wc mod [5t£ ;A , 5t£ ;A ] thanks to [5C n;A ,^n,A] Q 
A , "K^ A ]~. Thus our definition of the character table of "K^ K is independent of the 
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choice of minimal length representatives in conjugacy classes of cycle type being odd 
partitions of n. Moreover, specializing v = 1, the matrix (C (Tw u )) Xe89 n ,i/e09 n reduces 
to the character table of the algebra fj^ (cf . |WW3j ) . 

For v G 0y„, define an A-linear map f u : K^ A — > A by 

f ( T r \ - J f^ 1 '^' if I 1 ' is even 
M-^WJ - | Q) if jjj ig odcL 

Proposition 4.11. For eac/i z/ G 0CP n , / v is a trace function on K^ » which satisfies 

(4.5) fu(T Wp ) = 5 UtP , forpeOT n . 

Moreover, {f u \u G OlPn} « frasis /or iae space of trace functions on K^ A . 

Proof Recall that the distinct irreducible characters of K = K <g> A ?C a are given 
by £ A for A G SIP n . By Theorem 14.71 for any A G SCP n ,o~ G 5 n and / C [n] with |7| even 
we have 

Then by the invertibility of the character table (£ A (T Wv )) Aesav,i/eOlP n we can write 

for some g\- u G K. Therefore is a trace function on K^ K and hence a trace function 
on JCf: A . Now (|4.5p follows from the definition of and (|4.2p . Then by Theorem 14.81 
{/i/l^ G OO 3 ^} forms a basis of the space of trace functions on "K^ A . □ 

5. Spin generic degrees for Hecke-Clifford algebra 

In this section, we shall introduce the spin generic degrees for the Hecke-Clifford alge- 
bra and show that it coincides with spin fake degrees associated to the spin symmetric 
groups introduced in |WWH IWW3| . 

5.1. Basics on symmetric superalgebras. Let IK be an i?-super algebra which is free 
and of finite rank over a commutative ring R containing ^ . A trace function <fi : K — >• R 
is called a symmetrizing trace form if the bilinear form 

K x K — > R, (h, h') ^ cp(hh') 

is non-degenerate, i.e., there exists a homogeneous basis IB of K such that the deter- 
minant of matrix (</>(bi02))&i,6 2 e2 is a unit in R. In this case, (IK, 0) or K is called a 
symmetric superalgebra. 

Remark 5.1. Let K = M(V) or K = Q(V) over a field F. Then every trace function 
on IK is a scalar multiple of the usual matrix trace tr. Note that (K,tr) is symmetric. 

In the remainder of this subsection, we assume that K is symmetric with a symmetriz- 
ing trace form (ft, and describe some basic results for K. Though most are straightfor- 
ward superalgebra generalizations of the well-known classical results (cf. |GP2l Chap- 
ter 7]), we need to make precise a possible factor of 2 due to type Q simple IK-modules. 
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If 23 is a ^-homogeneous basis for IK, we denote by 23 v = {6 V |6 G 25} the dual 
basis, which is also homogenous and satisfies that 4>(b v b') = S^y. Suppose V, V are IK- 
modules. For any homogenous map / G Horn^V, V"'), we define /(/) G Hom^V", V') 
by letting 

I(f)(v) = Y,(- 1 ) im b V f(bv), forvGV. 
foes 

It follows by essentially the same proof as for |GP2l Lemma 7.1.10] with appropriate 
superalgebra signs inserted that 1(f) is independent of the choice of the homogeneous 
basis 23, and moreover /(/) G Hom^V, V~'). 

Let F be a filed of characteristic not equal to 2. From now on, we assume that IK 
is a finite dimensional superalgebra over a field F with a symmetrizing trace (p. The 
following lemma is the superalgebra analogue of |GP2} Theorem 7.2.1], which can be 
proved in the same way. 

Lemma 5.2. Let V be a split irreducible "K-module. Then there exists a unique element 
cy G F such that 

1(f) = c v tv(f) idy, for f G End F (V) g . 

The element cy is called the Schur element of V . Let us compute the Schur element 
of the unique irreducible representation of the simple superalgebras over F. 

Example 5.3. (1) Let IK = Q(V) with V = F m l m . Clearly V is an irreducible IK- 
module of type Q. Let v i, . . . , v m be a basis of Vq and V-±, . . . , V- m be a basis of V\, 
and let J G End]f(V") be the automorphism sending to v_k f or 1 < k < m. Then "K 
consists of 2m x 2m matrices of the form: 

a b 
-b a 

where a and b are arbitrary mxm matrices. Observe that 23 = {gij := i^j+ELj < 
i,j < m} U {hij := E—ij — E'^-jjl < i,j < m} is a basis of "K and the dual basis with 
respect to the usual matrix trace tr is 23 v = LjV- = |<7yi|l < i,j < ?n}U{/i^- = — \hji\\ < 
i,j < m}. Then a direct computation shows that, for f G EndF(V)Q, 

tr(f) 

I(f)(vk) = —^— v k, for k G I(m\m). 

By Lemma [57B. the Schur element of the irreducible 'Ji-module V (with respect to the 
usual matrix trace) equals \. 

(2) Let 'K = M(V) with V = F T 'l m . Observe that V is naturally an irreducible "K- 
module of type M. A similar (and somewhat simpler) calculation as in (I) shows that 
the Schur element ofV (with respect to the usual matrix trace) equals 1. 

We denote by Irr(IK) the complete set of non-isomorphic irreducible IK-modules. Let 
Xv denote the character of an irreducible Jf-module V, and write 



5(V) = | J 



0, if V is of type M, 
if V is of type Q. 
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Proposition 5.4. Suppose that 'K is a split semisimple superalgebra overF. Then the 
Schur element cy for every irreducible "K-module V is nonzero. Moreover, 

1 



V&rr(K) V 



XV- 



Proof. Write IK as a direct sum of simple superalgebras: 
(5.1) ^=0 H(V). 

FGlrr(JC) 

Then the irreducible characters xv can be identified with the usual matrix trace on 
H{V). By Remark 15. 1| the restriction of the trace form (j) to H(V) is a scalar multiple 
of the irreducible character xv f° r each V G Irr(IK), i.e., 

4>= E d v - xv 

VeIrr(J{) 

for some scalar dy G F, which must be nonzero thanks to the non-degeneracy of <f>. 
Let IB = Uy e i rr jf23(y) be a homogeneous basis of K which is compatible with the 
decomposition (|5.ip and let B(V) be the basis in IK(V) dual to IB(V) with respect 
to the trace function xv on H(V). Then UygwjAjdy £>|£> G "B(V)} is the basis dual 
to IB with respect to the trace form (p. Now fix an irreducible IK-module V. For 
/ G Endp^^ and v G V, we have 

cytr(f)v =I{f)(v)=Y^b y f{bv) 
fees 

= E E feV /(H= E &V /(H 

V'eIrrJ£&eB(V) &eS(V) 

v &es(v) 

where the fourth equality is due to bv = for 6 G IB(V') with V' 7^ V and the last 
equality follows from Example 15.31 and the fact that the summation on the right hand 
side is the defining formula for the Schur element of V with respect to the usual matrix 
trace xv on H(V). Therefore cy = 2 s(v) dy > an d the proposition follows. □ 

Remark 5.5. As in |GP2l Corollary 7.2.4], the following orthogonality relation between 
split simple characters xv an d XV holds for a symmetric superalgebra IK: 

Y^-v r/,W (h v \ - I 2 S( - V) cydimV, if xv = XV, 



fees 



5.2. The symmetrizing trace form 2 and Schur elements. Define a trace function 
2 : K^ A — > A which is characterized by the conditions 

fV — 1\ n—l{y) 



3(*) = 0, for z € CK£ >A )j. 
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By Theorem 14.81 and Corollary 14.91 3 is well-defined and unique. We still denote by 
2 the corresponding trace function on "K^ K by a base change. We shall compute the 
Schur elements for "K^ K with respect to 2. We first prepare some notations. 

Given a partition A, suppose that the main diagonal of the Young diagram A contains 
r cells. Let oti = Aj — i be the number of cells in the ith row of A strictly to the right 
of (i, i), and let f3i = X[ — i be the number of cells in the ith. column of A strictly below 
(i, i), for 1 < i < r. We have a± > > ■ ■ ■ > a r > and (3\ > fa > ■ ■ ■ > Pr > 0. 
Then the Frobenius notation for a partition is A = (ai, . . . ,a r \(3i, ■ ■ ■ , /3 r ). For example, 
if A = (5, 4, 3,1) whose corresponding Young diagram is 



then a = (4, 2, 0), (3 = (3, 1,0) and hence A = (4, 2, 0| 3, 1, 0) in Frobenius notation. 

Suppose that A is a strict partition of n. Let A* be the associated shifted diagram, 
that is, 

A* = {{i,j) | 1 < i < l{X),i<j < h + i- 1} 
which is obtained from the ordinary Young diagram by shifting the fcth row to the right 
by k — 1 squares, for each k. Denoting ^(A) = £, we define the double partition A to be 
A = (Ai, . . . , A^| Ai — 1, A2 — 1, • • • , Xi — 1) in Frobenius notation. Clearly, the shifted 
diagram A* coincides with the part of A that lies strictly above the main diagonal. For 
each cell £ A*, denote by h*- the associated hook length in the Young diagram A, 



and set the content c 



J 



1. 



Example 5.6. Let A 

diagram A are 



(4,3,1). The corresponding shifted diagram A* and double 



A* 



The contents of A are listed in the corresponding cell of A* as follows: 






1 


2 


CO 







1 


2 












The shifted hook lengths for each cell in A* are the usual hook lengths for the corre- 
sponding cell in A* , as part of the double diagram X, as follows: 





7 


5 


4 


2 






4 


CO 


1 








1 















7 


5 


4 


2 




4 


3 


1 






1 





For A £ S^ri) let Q\(v') := Q\(l,v,v 2 , . . .) be the principal specialization of Schur 
Q-function Q\ at v' = (1, v, v 2 , . . .). The following formula for Q\(v') appeared as 
[WWII Theorem B] (also see [Roj for a different form). 
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Proposition 5.7. Suppose A G S3V T/ien 

« n(A) nn e v(i+^ cn ) 



Qx(v') - 

llngA* ( f n) 

Now we compute the Schur elements for simple "K^ ^-modules. 

Theorem 5.8. 1 is a symmetrizing trace form on !>C^ K . For A G SIP n , £/ie Schur 
element c x of the simple "K^ K -module U x with respect to 3 is given by 



; n(A)(! -i))™nneA*( 1 + 7jCD )' 



(5.2) c A = 2 rt+ 

Proof. Set ua to be the inverse of the right hand side of (|5.2p . Recall from Proposi- 
tion [23] that 'Ji^ K is semisimple. By Proposition 15. 4| in order to establish the theorem, 
it suffice to show that 

(5.3) 3 = J2 

Recall the function g r (x; v) from (|3.5p . Specializing (|3.4p at x = v', we obtain that 

E & ^ n = ^t-tt7 = ^t( 1 + E 2(-i) n n • 

^— ' u — 1 1 + 1 u — 1 z — ' 

n>0 n>l 

Hence we have 

2(— l) n 

g n {v m ; v) = — , n > 1, 

u — 1 

and 

2%)(-l)« 

(5-4) = ^ _ , for /x G 3V 

By the Frobenius formula in Theorem 13.71 and the definition of 3, we obtain that 

^ i(\)+s(\) , 2 e ^(-l) n 2 n 

\e§9„ v ; v ; 

for all v G 0T n . Then by Corollary 14.91 one deduces that 

x — ■> e(\)+6(\) , 

H= E 2~ n - ± ^ ±A (l-v) n Q x (v')C X . 

AeS3>„ 

Now (j5.3j) follows from this identity and Proposition 15.71 The theorem is proved. □ 

/ \n-i(v) 

It follows from the definition of 2 that 1(T Wv ) = I I for odd partition v of 

n. The following states that the formula actually hold for all partitions of n. 

Corollary 5.9. For all \i G 7 n , we have: 

■v - 
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Proof. Let /i£? n . By Theorem 15.81 (or equivalently, (I5.3P ). we obtain 
1(T W J= £ 2- n - m ¥ m (l-vYQ x {v-)C\T Wti ) 

Y J] 2 ^QaK)C A (T„, m ) 

Aesy„ 

)%(«"; u) 



- V 


2 




— u. 




2 ■ 




- 1 



V 2 

where the last two equalities are due to Theorem 13.71 and (|5.4p . respectively. This 
proves the corollary. □ 

5.3. The generic degrees for "K^ K . Denote by P n = X^eSn * ne P° mcar e poly- 
nomial of the symmetric group S n , and we can formally regard 2 n P n as the Poincare 
polynomial of ( M c n . It is known that the Poincare polynomial P n is given by 

_ (l_tt)(l_„2). ..(!_„») 

(i - v y 

Define the spin generic degree D x = D x (v) associated to the irreducible JC; K -module 



2 n P n 



U x , for A e SlP n , to be 



D x 



The following is a reformulation of Theorem 15.81 by definition of spin generic degrees. 
Theorem 5.10. The following formula for the spin generic degrees holds: for A G SlP n ? 
A _ iw-sw v n ^\l - v)l - v 2 ) ■ ■ ■ (1 - v n ) n DG A* C 1 + yCD ) 

D = 2 2 rwu-^) ' 

Remark 5.11. Note that the specialization ] at v = 1 recovers the standard sym- 
metrizing trace form on which is a twisted group algebra of a double cover of the 
hyperoctahedral group. Moreover, the specialization 



D x L = i = 2 n ~ 



Unex* 

is the degree of the irreducible ?t^-module U x . Our definition of spin generic degrees 
for Hecke- Clifford algebras is analogous to Hecke algebras "Kw associate to finite Weyl 
groups W (cf. |GP2} Section 8.1.8]). The canonical symmetrizing trace form r on "Ky/ 
satisfies r(l) = 1 and r(T a ) = for 1 ^ a € W. 

Remark 5.12. Though various connections between characters and generic degrees of 
Hecke algebras have been explored in literature, our approach of deriving the closed 
formula for D x directly from the Frobenius character formula is quite elegant and seems 
to be new even in the usual Hecke algebra setting. We hope to apply the same strategy 
elsewhere to revisit the generic degrees (or more general notion of weights) for Hecke 
algebras. 
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5.4. Spin fake degrees for the symmetric group. In this subsection, we shall take 
F = C. The symmetric group S n acts on C n and then on the symmetric algebra S*C n , 
which is identified with C[xi, . . . ,x n ] naturally. It is well known that the algebra of 
S* n -invariant on S*C n is a polynomial algebra in the elementary symmetric polynomials 
ei, . . . , e n . The coinvariant algebra of S n is defined to be 

{S*C n ) Sn = S*C n /I, 

where I denotes the ideal generated by e±, . . . , e n . By a classical theorem of Chevalley 
the coinvariant algebra (S*C n )s n is a graded regular representation of S n . Following 
Lusztig [Luj . the graded multiplicity of the Specht modules S x of S n in the coinvariant 
algebra is known as the fake degree of S x , for A G T n (cf. \GP2\ Section 5.3.3]). 

Note that the induced module ind c g (S*C n )s n is a graded regular representation of 
¥f n . Recall from |WW3j that the spin fake degree of the irreducible .^-module U x with 
A G SIP n is defined to be 

d\t) = 2^dimHom fl c (^,indJ| n (5JC n ) Sn ). 

j>0 

The spin fake degrees have been computed in |WW1| Theorem A] (though the terminol- 
ogy was introduced later; see |WW3l Theorem 5.8]). A comparison with Theorem 15. 101 
leads to the following. 

Corollary 5.13. The spin generic degrees coincides with the spin fake degrees, that is, 

D x {v) = d x (v), for all A G S1P„. 

This is parallel to the classical fact (due to Steinberg [S], cf. \Lu\ IGP2| ) that the 
generic degrees for the Hecke algebra !K n associated to the symmetric group S n coincide 
with the fake degrees for S n , which is a type A phenomenon. 



6. Trace functions on the spin Hecke algebra 

6.1. The spin Hecke algebra IK~. Recall |Wj that the spin Hecke algebra "K~ is a 
C(v 2 )-superalgebra generated by the odd elements Ri, 1 < i < n — 1, subject to the 
following relations: 

(6.1) Rl = -( V 2 + 1 ) 

(6.2) RiRj = -RjRi (|i-j|>l) 

(6.3) RiRi + iRi — Ri + iRiRi + \ = (v — l) 2 (i?j + i — Ri). 

Set 

(6.4) T? := --Ri(cH - a+i) + ^-(! " <H*+l) £ ® C n , 
Rf := (a - c i+l )Ti + {v- l)ci +1 G •Kl. 

The tensor superalgebra "K~ Q n here is understood in the sense of (12. 1|) . 
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Proposition 6.1. |Wj There exist isomorphisms $ and ^ inverse to each other: 
$ : -K c n — > K- ® e„, * : 5t" ® C n — > 5C£ 
*(T i )=3f, = 

^(iii) = i?*, *(cj) = q, /or a// admissible i. 

Set = K <8> i ?C~. It is known that the Clifford algebra C„ is a simple 

superalgebra with a unique irreducible module U n , which is of type M if n is even and 
of type Q if n is odd. Moreover 



f 2 fc , ifn = 2fc, 
dimC/ " = \2^, if„ = 2fc + l. 



Thanks to Lemma I2.1| Proposition 12.51 and the above algebra isomorphisms, one sees 
that for each A E SCP n there exists an irreducible JC~ K -module Uh. with character £_ 
such that {£/* | A G SO 5 ™} is a complete set of non-isomorphic irreducible !K n ^-modules, 
and moreover, 

X ryj f 2~ l U > L ®U n , if n is odd and is even, 
(8) f7 n; otherwise. 



(6.5) U 



6.2. The space {"K n A /[!K n A , ^ n a ])q- We srian convert the study of the trace func- 
tions on the Hecke-Clifford algebra "K^ in Section 2] to the spin Hecke algebra 5£~. 
Recall A = Z[i] [v, v' 1 ]. Denote by ^K~ A the A-subalgebra of the spin Hecke algebra 
"K~ generated by R\, . . . ,R n -\. For a £ S n with a fixed arbitrary reduced expression 
g_ = s^Sjj . . ., we denote by Rg_ = R^R^ ■ ■ ■ . Then it follows from [W] that ^K~ A is a 
free A-module of rank n! and that {R a \ a S S" n } is an A-basis of %~ A . Hence, the 
analogues of the isomorphisms <1> and VP in Proposition 16.11 (which will be denoted by 
the same notations) make sense over IK or over A. 

Lemma 6.2. Let a be an arbitrary reduced expression of a G S n , and let I C [n] 
be nonempty. Assume that the element R a Ci is even. Then R a Cj belongs to the 
commutator subspace [^~ A <8) C n , !K~ A ® C n ]_. 

Proof. Denote I = . . . ,ik}- Since R a Ci is an even element, we have either (i) R a 
is even and k is even, or (ii) R a is odd and k is odd. In both cases, we have 

R(jCj — Ci^RqC-i^ ' ' ' Cj j ^_ 1 

= -{RaCn ■ ■ • c ik _ 1 )c ik mod [0<~ >A <£> S„, !K~ A ® C n ] 

Since 2 is invertible in A, the lemma is proved. □ 

Lemma 6.3. The space a/^u A' aDq ^ s a f ree A-module. 

Proof. By Lemma [672], the space (9t~ A ® C n /[;K~ A (g) C n ,?C~ A ® £„])_ is spanned by 
images of the elements R a with £(o~) being even under the projection a (8) G n — ^ 

^n,A/[^n,A ® C n^n,A ® S ° the natural ma P 4 from (^W^A^aDq t0 
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(CK~ A <2> G n /pi~ A (g> C n , "K~ A <g> CnDg (which is naturally identified via the isomor- 
phism $ with (^a/[^A'^aDo) * s surjective. By a base change, t extends to 
a surjective map over K. On the other hand, since "K^ K and IK~ K are split semisimple 
with simple modules parametrized by SCP n , we have 

(6.6) dim K (K-Ji-K-^ K- K ])- = |S0> n | = dim K (^, K /[^. ^,k]) 8 - 

So the map t is actually an isomorphism over IK and hence over A. Now the lemma 
follows from the A-freeness of (!H* A /[!H£ >A , ^.aDq b ^ Theorem □ 

For a composition 7 £ CCP n with £(7) = the permutation u; 7 (see (|3.3p ) has a 
unique reduced expression given by 

Wj_ = (S1S2 • • • s 7l -i)(s 71+ i • • • s 7l + 72 _i) • • • (s 71+ ... +7f _ 1+ i . . . a n -i). 

Lemma 6.4. Let 7 be a composition of n with £(vjy) being even and fi be the corre- 
sponding partition 0/7. The following holds: 

(1) If it# 0? n , then Ry^ = mod 1^" A , IK" A ] . 

(2) If pl € 0y„, tfien fl^ = mod [^ A ,^ A ] Q - 

Proof. Suppose // 03^ and 7 = (71, . . . ,7^). Let a be the smallest integer such that 
7 a is even, and let b be the smallest integer such that b > a and 7^ is even (which exists 
as £(wy) is even). Write 

Rw 1 = Ry,iRy,2 • • • Ry,i, 
where R^,h = ^7i+...+7 fc _i+l " " " ^71 +...+7fe- 1+7^-1 f° r I < k < £. Then 

Rw 1 =(Ry,aR~/,a+l ' " ' ^,6-1-^7,6-^7,6+1 " ' - Ry,i)R^,lR^,2 ' • ' Ry,a-1 
= -^7, aR^,bR~i,a+l " " " R^,b— 1-^7,6+1 " " " ,zRy ,lRy ,2 ' ' ' R^,a—1 
= — Ry,bR~j,aR~i,a+l ' " " ^7,6-1-^7,6+1 " " " Ry/R-y, iRj, 2 " " " Rj,a-1 
= — i? 7ja -R 7i(l +i • • • i? 7j0 _ii? 7i b+i • • • -R 7j £-R 7j i-R 7j 2 • • • i? 7l a-l-R 7 ,6 

where = is understood mod [M~ A ,IH~ A ]j here and below. Therefore, i? w = 0. 

Now suppose S OCP n . Using an argument similar to Lemma 13.61 one can obtain 
that C A (-R* 7 ) = C A (-^* M ) f° r every irreducible character £ A of ^jc- This implies that 

C- (RuJ = C- (%J , for each A G S!P n . 

This together with Lemma 1531 implies that i?^ 7 = mod [M~ Al ^ A ]j. □ 

Lemma 6.5. Suppose that u>c is a minimal length representative in the conjugacy class 
C of cycle type ^ 6 Then, 

R = {±R«^ mod [^- A ,5C- A ], if/JieG? n , 
— I mod [J£~ A , "K~ A ], otherwise. 
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Proof. Suppose fx = (/zi, . . . , fig) with l(fi) = i. The minimal element wq must be of 
the form 

WC = (SjlSjl ■ ■ ■ Sjl )(s i 2S i 2 • • • S.-2 ) • • • (S:(S;i • • • S,-£ ), 

where 7 = (71, . . . , 7^) is a composition obtained by rearranging the parts of (i and 

• • • > = {7i + • • • + 7fc-i + 1, • • • , 71 + • • • + Tk-i + 7fe - 1} 

for 1 < A; < £. Recall from (|3.3p that iu 7 is the permutation associated to 7. 
Claim. We have i^; c = ±Rw~, mod [^~ A ,^~ A ]o- 

Indeed, one reduces quickly the proof of the claim to the case 7 = (n). In this 
case, we write wq = s^s^ ■ ■ ■ S{ n _ 1 with i a 7^ % for 1 < a 7^ b < n — 1. If ij = j for 
1 < J < n. — 1, then wc = w 7 . Otherwise, suppose a is the smallest integer such that 
i a 7= a. We shall prove the claim for 7 = (n) by reverse induction on o. Observe that 
i a > a, and hence 

-Rwp = -R1-R2 - - - Ra-lRia^ia+i ' ' ' Rin-l 

= (-I)"" 1 Ri a R l R 2 ' " ' ^a-l^i a+ i • • • Rin-i 

= (-l) a - 1 R 1 R 2 ---R a - 1 R ia+1 ---R in _ 1 R ia mod [^ A ,^ A ]. 

If z a+ i / awe can apply the above argument again to R1R2 • • • R a -\Ri a+1 • • • Ri n -iRi a 
to move Ri a+1 to the end. By repeating the procedure, we obtain that 

R^ = ±R^ mod [5C~ A , 5C~ A ] , 

where w' c is a reduced expression of the form w' c = S1S2 • • • s a s^ i ■ ■ ■ Sj/ ^ Then by 
induction assumption, we have 

i^=±i?^ mod[5C- A ,?C- A ]. 

Therefore the claim is proved. Now the lemma follows from Lemma 16.41 □ 

Theorem 6.6. Let a G S n with £(a) even and let a be a reduced expression of a. Then 
there exist f~ v G A such that 



R -= E mod [^.a.^aIo- 

Proof. It is more flexible to use induction to establish the following. 

Claim. For a £ S n with 1(a) being even and an arbitrary reduced expression r(o~), 
there exist constants f~, n G A with 7 G SIP,, such that 

^r(cr) = E fr(*),~, R }!!2_ m ° d I :K n,A' :K n,A]o- 

7GCCP„,£(ui 7 ) even 

Note that the theorem follows immediately by the claim, Lemma 16.41 and Lemma 16.51 
To prove the claim, we will follow an approach similar to the proof of Lemma 14. II or 
[Rami Theorem 5.1]. Let % be the smallest integer such that cr(i) > i + 1. We shall use 
the induction on £(a) and cr(i), and reverse induction on i. Note that if there does not 
exist such i, this can be regarded as the case i = n and a much be of the form w 7 for 
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some 7 S C7 n . Thus, a has the unique reduced expression r(a) = w 7 and the claim 
follows. 

Let j = a(i) — 1. Since a(a~ 1 (j)) = j = o~(i) — 1 > i, the choice of i implies that 
a (J) > *■ This together with <r _1 (j + 1) = i implies that a~ l {j) > + 1) and 

hence £(a Sj) < £(a~ 1 ), or equivalently, £(sja) < £(a). Let a' = Sja and let r(a') be 
a reduced expression of a'. Then r(a) and Sjr(a') are two reduced expressions for a. 
By the defining relations among R{, we have 

£(w)<e(a) 

where a a , w G A. By induction on £(&), we may assume the claim holds for R r ( w ) for w of 
length less than a. Hence we are reduced to show the claim holds for R s . r ( CT ') = RjR r ( a iy 
Let a" = cr'sj. 

If £(a") > £(cr'), then r(a") := r(o J )sj is a reduced expression of a" and hence 

RjRr(a') = R r (a')Rj ™od [IK~ A , 9C~ A ] 

= i? r((T //) mod p{~ A , 5C^ )A ]. 

Then using the argument similar to the proof of Lemma 14.11 the induction on i and 
reverse induction on a(i) apply to a", and the claim follows. 

Otherwise, assume £(&") < £(&')■ Fix a reduced expression r(o~") for a" . Then r(cr') 
and r{a")sj are two reduced expression for a' and again by defining relations among 
Ri, we have 

Rr(a') — ±R r (a")Rj + ^ b w R r ( w y 
l{w)<t(a") 

where b w € A. Hence, 

RjRr(a') = Rr(a')Rj mod pK~ A , JC~ A ] 

= ±^•((7")^+ b w R r (w)Rj mod [^~ A ,^~ A ]- 

e(w)<£(cr") 

Since £(r(w)sj) < £(a") + 1 < £(&), induction on the length of a applies to the second 
summand, and the first summand is also clear since £(o~") < £{a) and i?| = — (1 + v 2 ). 
This completes the proof of the claim and hence the theorem. □ 

Corollary 6.7. (7C~ A /[7C~ A , A ])~ is an A-free module, with a basis consisting of 
the images of R Wv for v G 07 n under the projection 7C~ A — > 7C~ A /[H~ A , 7C~ A ]. 
Every trace function on 7C~ A is uniquely determined by its values on R Wi/ for v G 07 

Proof. The A-freeness follows from Lemma 16.31 By Theorem 16.61 the images of R Wv 
(denoted by R Wv ) for v 6 07 n span (TC^ A /[7C~ A , 7C~ A ])-. By passing to the field IK 

and a dimension counting (|6.6p . we see that these elements R Wv are linearly indepen- 
dent. The corollary follows. □ 
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The character table for Hecke algebras or Hecke-Clifford algebras has a natural gen- 
eralization for spin Hecke algebra as follows. The matrix 

(C- {Rwu_ ))\eST n ,veOV n 

is called the character table of the spin Hecke algebra over K. By Corollary 16.71 

and the linear independence of irreducible characters £_ for A G SJVi, the character 
table (C_(^J)Aesy n ,i>eQ0>„ i s invertible. 

It follows by Corollary 16.71 that f~ v in Theorem 16.61 is uniquely determined by a and 
v. Similar to [GP1| . f~ v will be called the class polynomials of spin Hecke algebras. 
By Corollary 16.71 there exists a unique function f~ : ^K~ A — >• A characterized by 

f„{Rw £ ) = $u,p, for oav 
By Theorem 16. 6} for an arbitrary reduced expression a of a G 5" n , we have 



for even > 

otherwise. 



Theorem 16.61 and Corollary 16.71 imply the following. 

Proposition 6.8. The functions f~ for v G OIF ' n form a basis of the space of trace 
functions on ^~ A - 

6.3. The trace form 2~ on "K^. The trace form 2 on JCjj hiduces a symmetrizing 
trace form, which will be still denoted by 2, on 5C~ K <8> G n ,K via the isomorphism 
K = !K~ K ® Sn,Kj where 6 ni K = K (8>c C n - This in turn restricts to a symmetrizing 
trace form 2~ on (identified with "K~ K <8> 1). 

Proposition 6.9. For any composition jjl ^ (l n ) of n, 2~(R W ) = 0. 

Proof. By Lemma 16.41 it suffices to establish the case when fj, G 07 n - We shall prove 
by induction on the dominance order of fx. 

Observe that the trace form 2 on "K~ ® C n satisfies that 

_ 1 \ n-i(u) 

(6-7) 3(2?) 



2 

where we have denoted T* = $(2^J. Recall fT4|) and that 

«V = (S1S 2 • • • S Atl -l)(s Ml+ l . . . S tt+w -l) • • • (s Ml+ ... +w _ 1+ l . . . S n _l). 

We write 

(6.8) r* =x 1 + x 2 + x 3 , 
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where 

/ 1 \ n—t-iv) 

Xi =^ - -J -Ri(ci - C 2 ) • • • fl^-l^-i - c Ml )- 

# M +l( c Ail+l - C Ml +2) • • • -R Atl+M2 _l(c Atl+At2 _i - C Ml+M2 ) 
' w_i+l( c Ati+—/i«-i+l — c Mi+---/i^_i+2) " " " Rn— l[Cfi— 1 ~~ C n ), 

/ 1> — 1 \ n-i(n) 

X 2 ={-^— ) i 1 ~ C 1 C 2) ■■■(!- C W _1C W )(1 - • • • 

• (1 - c w+At2 _ic Ml+M2 ) • • • (1 - c (Ul+ ... +w _ 1+ ic M1+ ... +w _ 1+2 ) • • • (1 - C n _iC n ), 

with a 7j / S A and 7 denoting the partition corresponding to the composition 7. 

It follows by Lemma [672] that 2(R w „ f Ci) = if I 7^ 0, and by Lemma f6.4l and induction 
on \i by dominance order that 2(Rw ) = 1~(R Wl ) = for 7 6 ClP n with j < fj,. Hence 

(6.9) 3(X 3 ) = 0. 

Note that X2 = (^=i) n ~^) + a linear combination of Cj with 7^0. By Lemma [6721 

(6.10) XX2) = C-^) n -^ ] . 
For /i G Oy n , we have 

x l = (-\r-^R^+ J2 biR^d 

0^/C[n] 

for some scalars 6/. Hence, by Lemma 16.21 we have 

(6.11) = (-^-^J(^). 
Collecting (I6T9"|) . (ISTTUj) and (|6TTT]) . we obtain that 

:«) = (^)""' w + (-ir' ( '"^). 

By a comparison with (|6.7|) we conclude that 2~(R W ^) = 2(R Wfi ) = 0. □ 

By convention, we have R w ^ in) = 1. By Lemma 1675} Theorem l6.6l and Proposition ^. 91 
we have established the following. 

Theorem 6.10. (1) 2~(R Wc ) = for any minimal length representative wc in a 
non-identity conjugacy class C of S n with any reduced expression wq- 
(2) 1~ is characterized by the property 1~{R Wi/ ) = 8 v rin\ for v £ 0"P n . 

Example 6.11. It is possible that 2~(R a ) 7^ if a is not a minimal length element 
in its conjugacy class. For example, the permutation a = (2, 3) (1,4) has a reduced 
expression a = S2S1S3S2S3S1, and one computes that 2~(Ra) = —(v — l) 4 (v 2 + 1). 
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Remark 6.12. Using the symmetrizing trace function 2 on "K n , we can determine the 
Schur elements cd_ associated to the irreducible characters C- of ^nK- These Schur 
elements turn out to be related to the Schur elements c x associated to the irreducible 



character ( of Ji^ K (see Theorem 15 .8|) , via 



2- k c x , ifn = 2jfe, 

2 -fe-<5(A) c A if n = 2fc + l. 



This can be deduced by using (|6.5|) and noting that 2 can be identified with the tensor 
product of 2~ and the usual matrix trace on C n . 
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